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ABSTRACT

We show that corporate investment decisions can explain conditional
dynamics in expected asset returns. Our approach is similar in spirit
to Berk, Green, and Naik (1999), but we introduce to the investment
problem operating leverage, reversible real options, fixed adjustment
costs, and finite growth opportunities. Asset betas vary over time with
historical investment decisions and current product market demand.
Book-to-market effects emerge and relate to operating leverage, while
size captures the residual importance of growth options relative to as-
sets in place. We estimate and test the model using simulation methods

and reproduce portfolio excess returns comparable to the data.



Corporate investment decisions are often evaluated in a real options context,*
and option exercise can change the riskiness of a firm in various ways. For
example, if growth opportunities are finite, the decision to invest changes the
ratio of growth options to assets in place. Additionally, the resulting increase
in physical capital may generate operating leverage through long-term obli-
gations, including the fixed operating costs of a larger plant, wage contracts,
and commitments to suppliers. It is natural to conclude that expected re-
turns might be related to current and historical investment decisions of the
firm.

The empirical literature has long recognized a need to account for the
dynamic structure of risk when testing asset pricing models.? A small but
growing literature that endogenizes expected returns through firm-level de-
cisions has begun to provide theoretical structure for risk and return dy-
namics. Motivated by asset price anomalies,® Berk, Green, and Naik (1999,
hereafter BGN) were among the first to establish a link between investment
decisions, the riskiness of assets-in-place, and expected returns.* Their model
assumes that investment opportunities are heterogeneous in risk. This would
typically make a complete description of firm assets cumbersome, but their
model simplifies so that size and book-to-market are sufficient statistics for
the aggregate risk of assets in place.

We contribute to this line of research by developing two dynamic models.
These differ in their technical details, but rely on the same economic forces
to relate endogenous firm investment to expected return. We arrive at a
new economic role for operating leverage in explaining the book-to-market

effect. When demand for a firm’s product decreases, equity value falls relative



to the capital stock, proxied by book value. Assuming that fixed operating
costs are proportional to capital, the riskiness of returns increases due to
greater operating leverage. We also incorporate limits to growth in both our
models, and show that this is important for obtaining an independent size
effect. Our first model permits closed-form solutions in a stylized setting,
allowing us to examine the relationship between size and book-to-market for
a single firm. The second uses more realistic assumptions and gives stationary
dynamics for a cross-section of firms. This permits structural estimation using
the simulated method of moments.

In the first model, a single all-equity firm faces stochastic iso-elastic de-
mand in its output market. The unique exogenous state variable is the de-
mand level, driven by a lognormal diffusion. The firm may expand capacity
a finite number of times, and a fixed adjustment cost is incurred each time
operations are expanded. Operating leverage results from per-period fixed
operating costs that increase in the capital level. The underlying revenue be-
tas are assumed to be constant, but firm betas are nonetheless time-varying
and reflect historical investment as well as current demand.

Our second model is based on more general assumptions, chosen to yield a
structural empirical model of a cross-section of firms in a stationary, dynamic
environment. We again model monopolistic firms, but stochastic demand now
has both systematic and idiosyncratic components. We prohibit demand from
reaching arbitrarily high levels by using reflecting barriers. This assumption
reflects the economic intuition that growth becomes more difficult as firms
become larger.® During each period, firms: (1) Set output at monopoly levels,

with the restriction that output not exceed capacity; (2) generate revenues



and pay fixed operating costs that are proportional to the amount of capital
currently employed; (3) make a decision to expand or reduce capacity, and
in so doing, pay a two-part adjustment cost, one part fixed and the other
proportional to the change in capital, or (4) exercise, at no cost, a one-time
abandonment option to discontinue all future operations. The economy is
made stationary by allowing entry of new firms when existing firms exit. In
this setting, adjustment costs give rise to lumpy investment and firms build
plants that may be larger or smaller than they currently need in order to
reduce adjustment costs. Fixed operating costs reduce incentives to invest
and motivate downsizing when demand falls. Firm risk is again related to
firm size and book-to-market ratios, and these effects appear unconditionally
in portfolios that are formed using the standard sorting procedures.

We use numerical solution techniques to solve the model and simulated
method of moments for estimation. This approach provides statistical mea-
sures of the significance of estimated parameters. The structural model gen-
erates independent size and book-to-market effects for portfolios, with mag-
nitudes equivalent to those in actual monthly returns from the past forty
years. Parameter estimates from the model indicate statistically significant
fixed costs, capital acquisition costs, and demand volatility in explaining
actual returns. This provides a quantitative measure of the importance of
operating leverage and real options within the model.

Our theoretical model of the firm adds to the existing literature by ex-
panding the description of the firm’s operating environment in an impor-
tant way. Our specification gives rise to book-to-market and size effects even

when there is no cross-sectional dispersion in new project betas. The book-to-



market ratio relates to operating leverage, while firm size captures the impor-
tance of growth options relative to assets in place. By contrast, in BGN, het-
erogeneity in project betas is required, and size and book-to-market describe
the value and riskiness of assets in place, but provide no new information
about growth opportunities.

One can view the two models as strongly complementary. Our approach
holds project revenue risks constant and instead focuses on the “numerator”
of valuation expressions, in particular the decomposition among fixed costs,
asset-in-place revenues, and growth options. By contrast, BGN hold expected
cash flows constant and focus on exogenous heterogeneity and consequent
selection biases in the risks or “denominator” of valuation equations. Another
view is that in our paper book-to-market reflects the state of product market
demand conditions relative to invested capital while taking risky discount
rates as fixed. In BGN, book-to-market helps to describe the state of the
discount rate while expected cash flows are constant. It is natural to expect
that both of these effects would be relevant in the real world, and that their
effects would work together.

There are several other important contributions to this literature. Gomes,
Kogan, and Zhang (2003, hereafter GKZ) relax the partial equilibrium re-
strictions in BGN and analyze a related problem in a general equilibrium
setting. Zhang (2003) addresses the difficult issues associated with equilib-
rium in competitive product markets. Further, he demonstrates that the value
premium should be sensitive to the business cycle. Cooper (2003) develops
a model in the style of Caballero and Engle (1999), who demonstrate the

empirical relevance of fixed adjustment costs. His work provides empirical



confirmation of a significant link between investment spikes and expected
returns.® We provide more detailed discussion of the relation between our
work and the existing literature throughout the paper.

Section I develops our basic intuition in a stylized model with analytic so-
lutions. While this permits clear presentation of our main theoretical points,
empirical support requires that the model be given an empirically appropri-
ate structure. This motivates the more realistic model developed in Sections
IT to V. Section II develops the environment faced by a single firm. Sec-
tion III solves the firm-level optimization problem. Section IV develops the
cross-sectional setting and the dynamics of the aggregate economy. Section

V presents the estimation method and results. Section VI concludes.

I. A Real Option Model with Analytic
Solutions

We develop a simple model that provides clear economic intuition for
size and book-to-market effects. This section is entirely self-contained and

develops in a simple fashion all of the economic intuition for Sections II to

V.

A. The Firm and Investment Opportunities

A value-maximizing monopolist produces a commodity with downward-

sloping iso-elastic demand, given by

P, = X,Q7 ", (1)



where 0 < v < 1, and X} is an exogenous state variable. We specify

dXt = gXtdt + UXtdZt, (2)

where z; is a standard Brownian motion, and ¢ and o are, respectively, the
mean and volatility of the growth rate of X;.

The firm gains access to the product market through irreversible invest-
ment. We make a considerable simplifying assumption by allowing only three
capital levels, Ky < K; < K,. Firms with these capital levels will be de-
scribed as juvenile, adolescent, and mature, respectively. The required invest-
ments to advance to each capital level are Iy = K7 — Ky and [, = Ky — K7,
and the costs associated with these investments are Ay > 0 and Ay > 0,
respectively. These costs can be interpreted as adjustment costs as well as
the price of new capital. In each period, the firm has fixed operating costs
f(K;) > 0 that strictly increase in the capital level. For convenience, de-
note f; = f(K;).” There are no variable costs, and the firm has a strictly
increasing production function @ (K).

The lumpiness of investment can be motivated by fixed adjustment costs.
An explicit model of these costs could endogenize K; and K, but at the
cost of analytical tractability. On the other hand, assuming finite options to
expand is not without loss of generality. One of the primary goals of this sec-
tion is to demonstrate the impact on returns of limited growth opportunities,
and the most direct way to do this is to exogenously restrict capital levels.

It aids valuation to permit traded assets that can hedge demand uncer-
tainty. Let B; denote the price of a riskless bond with dynamics dB; = r B,dt,
and let S; be a risky asset with dynamics dS; = uS;dt 4+ 0.5;dz;. Note that S
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has transitions identical to X except for the difference 6 = ¢ — ¢ > 0 in their
drifts. Thus, returns on S are perfectly correlated with percentage changes
in the demand state variable. We can now construct a portfolio with possibly
time-varying weights in S and B that exactly reproduces the dynamics of
firm value. This combination is called a replicating or hedging portfolio. It
is natural to think of S as having a beta of one, so that the proportion of S
held in the replicating portfolio determines the beta of the portfolio.

The traded assets S and B allow us to define a new measure under which

“;Tt is a standard Brownian motion. For this risk-

the process 2z, = 2z +
neutral measure, demand dynamics satisfy dX; = (r —0) X,dt + 0 X;dZ;. This

greatly simplifies firm valuation.

B. Valuation

Operating profits before fixed costs are QP (Q) = X@Q", increasing in Q.
The firm thus produces at full capacity, denoted by Q; = Q (K;), i = 0,1, 2.
Also denote for each stage ¢ an operating profit function m; (X;) = X, Q7 — f;.
We now calculate firm value V; (X;) for capital level i and demand state Xj.

A mature firm requires only that we discount operating profits m, (X;) un-
der the risk-neutral measure. This gives V5(X;) = Et { fo "1y (Xivs) ds}
or
fo

2Xt

Va(X) =%

(3)

This is the present value of a risky, growing perpetuity, less the present value
of a riskless perpetuity.®

Prior to maturity, the firm holds either one real option to expand (i = 1),



or an option to increase capacity and become a firm with one option to
expand (i = 0). The first case is a simple option, and the latter a compound
option. Optimal exercise requires the firm to choose when to invest. Let z;
denote the demand level at which a juvenile becomes adolescent, and let x5
denote the demand level at which an adolescent becomes mature. The choice
of x; and x5 completely describes the dynamic strategy of the firm, and an
optimally chosen strategy maximizes firm value at any point in time.

Using backward recursion, we prove the following in the Appendix.

PROPOSITION 1: For i = 0,1, the optimal investment strateqy is

ov
Titl = &l Ay A~y
i+1 Qi

and the firm value is

2

Q’zy v Ej fl
Vi (Xt) :XtT_’_Xt Z o

j=it+1"J

where expressions for €;, 1= 1,2 and v > 1 are in the Appendiz, and €; can

be interpreted as the incremental value of firm expansion when undertaken.

The valuation expression contains three components. The first is the value
of a growing perpetuity generated by assets-in-place and is straightforward.
The second is the value of growth options. Although we began by viewing
the expansion opportunities of a juvenile as a compound option, their value
is identical to a portfolio of simple options. For this reason, the model re-
mains tractable when generalized to any number of growth stages. We also

observe that the relative contribution of growth depends on firm lifestage.
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This contrasts with Cooper (2003), in which firms always have expansion op-
portunities proportional to their size, and firm value is linearly homogeneous
in the level of the demand state variable. Our models are related, and both
approaches generate book-to-market effects in returns, but limits to growth
are necessary to obtain a separate size effect.” The final term in the valua-
tion equation is the present value of future fixed costs associated with the
current capital level. These future operating obligations have value identical
to a bond. Isolating this effect, an increase in capital (book) thus requires

greater leverage in a replicating portfolio.

C. Expected Returns

We infer expected returns from replicating hedge portfolios composed of
the risky asset S and riskless bond B, and then derive an intuitive expres-
sion for beta. First, define V% (X;) = X} ", ., ex/x), as the value of growth
options, and V;I' = f;/r as the present value of committed fixed costs. We

prove the following in the Appendix.

PROPOSITION 2: Firm betas are given by:

5§:1+"/(u—1)+ ‘l/ (4)

The interpretation of this formula parallels our intuition from the valu-
ation expression in Proposition 1. The first term is the firm’s revenue beta,

or the riskiness of unlevered assets in place. This value was previously nor-



malized to one.'® The second term captures the leverage effect from growth
options. The ratio V.¥/V; gives the percentage of firm value in growth, and
v —1 > 0 is the excess riskiness of growth relative to assets in place. The de-
composition of the first two terms between assets in place and growth can also
be observed by rewriting these as the weighted average V;4/V; + (VZG / Vi) v,
where VA = V;— V¢ is the value of assets in place. Finally, the third term in
the equation derives from operating leverage. The quantity V;I" is the present
value of future commitments associated with previous capital investment.
Such obligations could include the fixed operating costs of a plant, wage
contracts, and long-term supply arrangements. Their effect on firm risk is
identical to financial leverage, although the economic mechanism is distinct
and can be related to physical capital and thus to book value.

The analysis of two special cases serves to further clarify the determinants
of expected returns. First, consider a mature firm that has no growth options.
In this case only operating leverage affects the return beta, and 82 = 1 +
Vi /Va. Beta then monotonically decreases in firm value (for V5 > 0) and
asymptotically approaches one. Next, consider a firm that has no current
cash flows, only one option to expand, and no post-expansion fixed costs.
Beta is then constant at ) = v > 1 until the firm invests and drops to

B} =1 after expansion.

D. Size and Book-to-Market Effects

Size and book-to-market are sufficient statistics for the underlying state
variables X; and K;. To verify this, observe that size (market value) and book-

to-market uniquely identify book, or the installed capital level K;. Holding
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the capital level constant, market value strictly increases in demand, allowing
X; to be recovered as well. The firm beta in equation (4) thus relates to
observable size and book-to-market characteristics.

We previously developed intuition suggesting that size in our model re-
lates to the ratio of growth options to assets in place, while book-to-market
corresponds to operating leverage. This intuition is useful, but approximate.
First, observe that the third term of equation (4) can be written as V;I'/V; =
r~1f(K;)/V;. Book-to-market thus describes the operating leverage compo-
nent of risk up to a first order approximation, and this characterization is
complete when f (K) is linear. Conditioning on book-to-market, the incre-
mental information in size then uniquely identifies the second component of
equation (4), which is linear in the ratio of growth options to assets-in-place.

Although closely related, the source of the size and book-to-market effects
in our model is distinct from those in BGN and GKZ. In both of these
previous models, the value and riskiness of growth options do not vary across
firms, and cross-sectional dispersion in beta is driven solely by differences
in assets-in-place. Aggregate state variables identify the (firm-independent)
value of growth options. Size therefore gives the value, and consequently
the weighting relative to growth options, of assets-in-place. Further, in both
models book identifies the nominal amount of future per-period cash flows
from current assets. Since the present value of future cash flows falls as risk
increases, the ratio of future cash flows (book) relative to their value (market)
reveals the risk of assets in place.!! Thus, an approximate intuition for BGN
and GKZ is that size identifies the weighting of growth relative to assets-in-

place, while book-to-market gives the riskiness of assets-in-place.
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Comparing these effects in BGN and GKZ with our model, we see that size
plays a similar role in all three, and each has a critical assumption consistent
with empirical evidence that proportional growth becomes more difficult as
market value increases. By contrast, the book-to-market effects in BGN and
GKZ are different from those in our model. At some level, there is a common-
ality, as in all three cases book-to-market relates to the risk of assets-in-place.
For BGN and GKZ, however, this cross-sectional variation is driven by ex-
ogenous heterogeneity in the risks of previously accepted projects. Our model
identifies operating leverage as a complementary economic mechanism. This
is appealing because it applies even when projects are homogeneous in risk,
and derives from an endogenous choice of scale.

Another interesting similarity between our model and the one in GKZ
is that both size and book-to-market effects are generated with only one
source of aggregate risk.'? Thus, if conditional beta were observable without
error, size and book-to-market would be redundant. In dynamic environments
where measuring risk is difficult, these characteristics may nonetheless play
an important practical role.

Figure 1 provides a numerical example of the size and book-to-market
effects in our model. Panel A relates firm value to the level of demand X;
for each possible level of capital (and book value) K* i = 0, 1,2. The lowest
line in the panel corresponds to the valuation function for a juvenile firm,
and the highest is for a mature firm. Juvenile firm values are relevant only
when X, is between 0 and ;. For values larger than z;, the firm is either
adolescent or mature, because a juvenile firm will optimally invest as soon

as demand reaches x;. Similarly, an adolescent firm optimally invests and
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becomes mature as soon as demand reaches x5. When investment occurs,
the value of the firm jumps discretely, as new equity is brought in to pay
for new capital. The change in firm value is equal to the amount of new
equity financing, preventing discontinuity in the share price. Low values of the
demand state variable X; < x; are compatible with any of the three capital
levels. For example, a firm that once faced high demand and invested must
keep a high capital level even when demand decreases, due to irreversible
investment. Firm value monotonically increases in demand for any level of
capital. This relationship is exactly linear for mature firms, which have no

remaining option value, and most nonlinear for juvenile firms.
[Figure 1 about here.]

Panel B of Figure 1 shows the relationship between firm value and beta.
For a given capital level, as firm value increases operating leverage drops,
causing risk to decrease. On the other hand, the proportion of growth op-
tions in total firm value also increases, causing risk to increase. For mature
firms, only the operating leverage effect is present and beta monotonically
decreases in size. For juvenile and adolescent firms, the growth option effect
becomes dominant in a small range just before investment occurs, when the
relationship between firm size and risk is reversed.

Focusing now on Panel C, firm risk monotonically increases in the book-
to-market ratio for mature firms. Risk is generally increasing in book-to-
market for juvenile and adolescent firms, but there is a small region of de-
creasing risk for very low book-to-market ratios. Again, this corresponds to

the region just before the firm invests. Note that there is an independent size
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effect: Holding book-to-market constant, higher market values (mechanically,
higher book values) are associated with lower expected returns. This need
not necessarily be the case (e.g., Cooper (2003)). Limitations on the growth
options of firms are sufficient to deliver separate size and book-to-market
effects.

Our model thus provides an appealing economic intuition for size and
book-to-market effects. In a partial equilibrium setting, finite growth oppor-
tunities and operating leverage generate these effects in a model with closed-
form solutions. The simple model developed in this section can now serve as

the basis for a stationary dynamic model that is empirically implementable.

II. A Model with Stationary Dynamics

This section relaxes some of the restrictive assumptions that are necessary
to yield closed-form solutions, but retains the economics driving expected re-
turns. We consider optimal production, investment, and shutdown policies
for a value-maximizing all-equity firm in a discrete-time, infinite horizon set-
ting. The firm faces stochastic demand and adjustment costs in capital ac-
cumulation. The firm is again assumed to be a monopolist, which abstracts
from strategic competition in the product market and allows us to focus our
analysis on the financial market for the firm’s securities.

By modeling a monopolist, we differ from Zhang (2003) and avoid the
difficult step of determining competitive goods market prices. The benefit
of our approach is a significant reduction in computational complexity. This

is of practical importance, since our goal is to estimate this model using
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the simulated method of moments, a process that requires the model to be
solved hundreds of times. One limitation is that different goods are implicitly
assumed to be neither compliments nor substitutes. This makes extending
the model to general equilibrium a potentially difficult but interesting issue

for future research.

A. Demand Dynamics

We specify our model in discrete time so that it can be taken directly
to the data. During each period t = 1,2, ..., the monopolist faces downward
sloping inverse demand,

Pt:Dt_th-

The intercept D, is stochastic, the slope b is a fixed parameter, and P, and

Q; specify price and quantity, respectively. We further specify

The state variable X; reflects aggregate demand conditions that affect all
firms, while Z; is firm-specific. (We defer indexing Z; by firm until we consider
a cross-section in Section IV.) We restrict X and Z to have constant variances
o, and o,. The logarithmic specification in equation (5) then ensures that
demand growth has constant variance as well. Thus, any size effects that
arise will be endogenous.

Section I highlighted the importance of limits to growth in generating
separate size and book-to-market effects. We now seek to achieve the same

effect in a model with stationary dynamics that can be taken to the data.
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There are several ways to accomplish this. We choose a very simple specifi-
cation with demand state variables, X; and Z;, assumed to be random walks
without drift on a finite lattice.'® This is a convenient way of capturing the

empirical evidence that larger firms have fewer growth opportunities (Evans

(1987), Hall (1987)).14

B. Production and Capital Accumulation

The firm may produce one unit of output in each period for each unit of
capital, with free disposal, giving 0 < @); < K;. For simplicity and without
loss of generality, we assume zero marginal costs of production. Operating
leverage is introduced by assuming that in each period the firm pays a fixed
cost of f per unit of currently outstanding capital. Thus, the current capital
level affects operating cash flows both through a direct effect on fixed costs
and through an indirect effect on output.

Current investment [; affects the one period ahead capital level, and there

is no depreciation. Thus,

Kt+1 - Kt ‘|‘ It- (6)

The firm can buy or sell capital at any time for a cost of A\’ per unit when
buying, and a price of \* per unit when selling. It is thus natural to view
N K, as book value. When the firm changes the size of its capital stock, it
also pays an adjustment cost A®. This amount is the same whether the firm

is investing or disinvesting, and is independent of the size of the investment.
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Investment related costs in period ¢ are thus

AN+ NI, if L >0
)\ (It) == )\a + )\S]t lf It < O

Note that when —oo < A* < A°, investment is reversible at some implicit cost.
Hopenhayn (1992) and Ericson and Pakes (1995) make similar assumptions
in related settings.

We require a minimum capital level k for active firms. This prevents
“mothballing” at zero capital and costlessly waiting for demand to improve.
An alternative is to have an additional fixed operating cost that is indepen-
dent of capital. These approaches are essentially equivalent, requiring ongoing
expenditures to maintain exclusive access to a product market. We set the
level of k equal to the static optimal output for a firm at the minimum de-

mand level, thereby avoiding the need to estimate an additional parameter.

C. Limited Liability and Shutdown

To reflect limited liability, the firm chooses (; = 1 to continue operations
and ¢; = 0 to shut down. The decision to shut down is irreversible, results in

a firm value of zero, and is tracked by a state variable,

Yo=1 Y =YiaG (7)

Transition to the shutdown state may also result from stochastic obsoles-

cence. This is assumed to occur with probability e™® per period.
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D. The Pricing Kernel

We assume a stochastic discount factor {m,} that follows
M1 = my exp [T — 7 (Xep1 — EeXp)],

where 7 and ~y are positive constants. This pricing kernel captures the intu-
ition that states associated with positive shocks are more heavily discounted
than those associated with negative shocks. Unlike in BGN, there is no pre-
dictable variation in this specification, and our pricing kernel does not admit
a stochastic riskless interest rate or a time-varying risk premium. Our speci-
fication is closer to Zhang (2003), but more parsimonious in that the level of

the state variable plays no role.®

III. Optimal Firm Policies and Valuation

We now define optimal policies and derive firm value in different states.
It is useful to distinguish between the economy-wide state variable X; and
the firm-level state variables Z;, K;, and Y;_;. The firm-level state space can
be partitioned into active states S4 = {Z,, K;,Y;_1 : Y;_1 = 1} and a single

absorbing state S” for defunct firms with Y;_; = 0.

A. The Static Production Decision

The unconstrained optimal quantity for the firm is Q; = D;/2b. Given

its production constraints, the firm chooses @y = min [Q*, K;| with operating
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profits
™ (Dt, Kt) = Qt [Dt - b@t] - fKt-

Operating profits do not include fixed adjustment costs or asset purchases

and sales.

B. Firm Value and the Investment Decision

We first define feasible strategies in investment and the shutdown policy,

which are for any S; € S4 mappings

I {Xy, S} — [k — K, 00)
¢ - {Xy, S} —{0,1}.

Firm value is

A

Yo mfc<17,<T;XﬂsT>] , (8)

m
T=t t

V(% 5) = mex B

where

C (11, Gt; Xt, St) = [7 (Dy, Ki) — A(1)] Vi1 G

is the single period cash flow. The Bellman equation is

e‘Am
Vv (Xt, St) = T?%X]Et C (It;Ct;Xt, St) + —tHV (Xt+1, St+1) )

my

subject to the demand specification (5), capital accumulation (6), shutdown

irreversibility (7), and transition equations for the state variables X and Z.
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C. Optimal Investment and Shutdown

To describe optimal policies, it is convenient to define two mappings from
{X4, Z:} into target values of Kyyq. For i € {b, s}, define the target capital

levels:

K'(X,,Z,) = argmax {Et [%V(Xtﬂ, Zyor, Kipa, 1)} — )\iKt+1} :
K1 my

These two functions give the optimal capital level at unit prices of A\’ and
\*, respectively, ignoring fixed adjustment costs. The levels K® and K* are
independent of K; and depend only on the demand state variables Z; and
X;. We know that if the firm chooses to pay fixed adjustment costs A%, it will
optimally move to one of these two capital levels.

We now determine whether the firm will pay the fixed adjustment cost

and change its capital level. The continuation value of the firm is

-A
3 € "Mt

V(Xt,Zt,K) EEt V(Xt+1,Zt+1,K,1) .

my

The firm will buy capital if K°(X;, Z;) > K; and
VX, Zi, KN(X,, Z))) — MK X, Z) — K,) > V(Xy, Zy, K.

The firm will sell capital if K*(X;, Z;) < K; and
VI(Xy, 20, K3(X,, Z,)) — MK*(Xy, Zy) — Ky) > VI(Xy, Zi, K).

Denote the triplets of (X;, Z;, K;) for which the firm buys capital by ®° and
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those for which it sells by ®°. Also denote the boundaries of these regions by

¢ and ¢°, respectively. The optimal investment policy I is now

K° (Xy, Zy) — K, if (X, 7, Ky) € ob
I (Xtu Zt7 Kt) = K (Xt7 Zt) - Kt if (Xt7 Zt7 Kt) SR
0 otherwise

The firm chooses to shut down (¢; = 0) if and only if

e Bm
7 (Dy, Ky)— X (I (X4, Zy, Ky))+Ey T;HV (Xia1, Zoyr, Ko + 1 ( Xy, Zy, Ky) , 1) | < 0.

D. An Illustration of the Optimal Policies

Figure 2 illustrates the qualitative form of the optimal policy. To simplify
discussion and allow graphical representation we set idiosyncratic demand
Z; to zero. In this case, systematic demand and accumulated capital are the

relevant state variables.
[Figure 2 about here.]

Capital is adjusted when demand/capital combinations are in the north-
west quadrant for selling (®°, with boundary ¢*) and in the southeast quad-
rant for buying (®° , with boundary ¢°). If the buying and selling prices of
capital differ (i.e., A’ # \%), then the target capital levels depend on whether
the firm is buying (K°) or selling (K*). Larger fixed adjustment costs \*
result in larger investments or disinvestments, as represented by the vertical
distance between the adjustment boundaries and target capital levels. Fi-

nally, at very low levels of demand and positive capital levels, the firm may
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abandon operations, as illustrated by the dark shutdown region at the figure’s
extreme left. The location of the objects depicted in the graph, and the re-
sulting firm decisions, depend on the model parameters.'® Nonlinear features
in the graph can arise from the nonlinear static profit function, expansion
and shutdown option values, nonhomogeneity of the adjustment costs in the
capital level, and state variable dynamics.

The figure illustrates one path that a firm’s demand/capital combina-
tions could follow in the state space. Starting with zero capital and demand,
if demand increases to X4, then capital of K4 will be bought. If demand
increases further to Xp, a second expansion from K4 to Kp takes place.
Further investment will be undertaken whenever the investing boundary is
reached. Conversely, if demand falls from X, there will be no adjustment
until demand falls to Xp. At that point the physical plant is reduced from
K¢ to Kp as the firm sells capital.

IV. Aggregate Economy Dynamics

Having solved the dynamic optimization problem of a single firm, we
generate the return dynamics of a cross-section of firms and estimate the
model using moments of the data. The economy consists of a continuum of
monopolistic firms distributed over the firm level state space. Each faces the
demand dynamics set out in Sections II and III. In particular, the demand for
each monopolist’s product is affected by the common systematic component
X;. Indexing the firms by ¢, each firm has an independent and identically

distributed idiosyncratic component to their demand, given by Z{. Each of
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the firms makes independent decisions about its optimal investment I} and

hence the level of its capital stock K7, ;.

A. Entry

Our model incorporates exit through limited liability and shutdown or
obsolescence. Since shutdown is irreversible, we must also permit entry or
there would eventually be no firms. We take a simple but economically in-
tuitive approach, which is to assume that entry opportunities are created by
the exit of existing firms. We represent firms as infinitesimals, and while the
mass of previously shutdown firms accumulates stochastically, the combined
mass of active firms and potential entrants is held constant. This assumption

is appropriate for an economy with fixed investment opportunities.

A.1. Potential Entrants

To formalize this approach, let
SF= {2, K. Y,o1 0 Z, € X, K, =0,Y,, =1}

be the partition of the firm-level state space reserved for new entrants. We
note that potential entrants are the only firms permitted to have zero capital.

Firms must belong to one of the three partitions corresponding to active
incumbent states S4, previously shutdown states S”, and potential entrant
states S¥. Let S* denote the union of these partitions, and for any s C S*,
let 9] (s) denote the measure of firms in states belonging to s at date t.

Firms that exit prior to any date t are not relevant to the cross-section of
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future returns. Thus, define S = SAUSF, and let 1, denote the restriction of
the measure ¢} to S. Imposing that the measure of active firms and potential
entrants is constant over time, and for convenience normalizing this level to
unity, we have ¢, (§) = 1 for all ¢ > 0. The mass of potential entrants can
now be determined by the mass of active firms at the end of the previous
period:

U (SF) = 1— 1, (51). (10)

Each potential entrant is given an independent draw for its idiosyncratic
demand level Z; from the unconditional distribution of Z. Thus, for any

idiosyncratic demand level z, potential entrants are fully characterized by

Ve (Zf = 2, K} = 0) =P(Z = 2) 9 (S7).

A.2. The Entry Decision

Each potential entrant has a single opportunity to begin operations. A
firm that does not enter is assigned the abandonment value of zero, and in the
next period a new potential entrant takes its place. There is thus no option
value in waiting to enter. The model could be extended to accommodate this
feature without difficulty, but we seek to keep the entry decision as simple as
possible, since our concern in this paper is about the cross-section of returns
for publicly traded firms.

The firm enters with capital level K° (X;, Z!) if

-A
€ "My

E, V (X1, Zi 0, K° (X0, 2))) | = NKP (X4, Z]) — X* > 0.

my

This requires that firm value upon entry exceed the cost of purchasing new
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capital plus fixed adjustment costs.

B. Simulating the Cross-section of Returns

Aggregate economy transition dynamics are now fully specified, subject to
initial conditions. The risks in the firm-level state variables Z! integrate out
completely due to our assumption that each firm is of infinitesimal size. The
process { X;} is thus the only exogenous state variable at the aggregate level.
The distribution of firms ; summarizes information relevant to the current
and future cross-section of returns that derives from the initial distribution
1o as well as the history Xy, ..., X;_1 of demand. The aggregate state variables
are thus X; and the measure ¢; on the firm level state space S.

Assume initial conditions (Xy, ?y) where Xy € X and 1) is a measure on
S satisfying 1o (S) = 1. The dynamics of {X;} are first-order Markov and
the Appendix shows that ¢, is fully determined by vy and X, updated
recursively. By then combining the time-series of firm cross-sections with
numerically determined expected returns, calculated using the value function,
portfolios can be formed and returns generated for any given set of model

parameters.

V. Empirical Implementation

A. Methodology

We estimate the model using simulated method of moments, as in Ingram

and Lee (1991) and Duffie and Singleton (1993). Our estimator can also be
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viewed as a special case of indirect inference (Gourieroux, Monfort, and Re-
nault (1993)). An excellent discussion of the these methods is in Gourieroux,
Renault, and Touzi (2000).

The procedure is described in the Appendix, and we outline it here. Esti-
mates of a vector #y of true model parameters are desired. Given a candidate
vector, data is simulated, and a set of moments is calculated. An objective
function is used to compare these moments to those in the data, and the
parameter vector is updated to improve the fit. The simulated method of
moments estimator minimizes the objective function.

In order to keep the estimation computationally tractable and to aid in
identification, it is necessary to place a priori restrictions on some parame-
ters and to estimate others. In deciding which parameters to estimate, we are
guided by our primary motivation to understand how lumpy investment op-
tions, irreversibility, and operating leverage interact to generate return char-
acteristics. Hence we estimate the level f of fixed operating costs per unit
capital, the fixed cost A\* of capital adjustment, and the per-unit purchase
price A’ of capital. The option to invest is also driven by the variance of both
systematic and idiosyncratic demand shocks. We estimate 02 = 02 = 02 to
capture this effect in a parsimonious manner. We also estimate the demand
parameter b because it provides a role for operating flexibility, which should
affect operating leverage. Finally, we estimate A, the rate of stochastic ob-
solescence, and ~, which determines risk premia.

The remaining parameters are fixed. The model roughly scales in costs
and demands, and since we estimate several cost parameters, upper and

lower boundaries for X and Z are imposed exogenously.!” We also set the
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systematic proportion of demand to be o = 0.5. We let 7 = 0.005 in order to
yield a reasonable riskless interest rate. Finally, to capture the intuition that
some irreversibility in investment is economically relevant, we fix A* = 0. We

thus estimate a restricted version of the model with a vector
0= [ba f7 )‘a7 /\bv A? s 02]

of seven parameters.

We use as moment conditions the mean return on decile portfolios of
size-sorted and book-to-market-sorted returns. The data is for the period
July 1963 through December 2001.'® Table I provides summary statistics for
these returns. Following Cochrane (1996), we choose an identity weighting

matrix.
[Table I about here.]

Recalling the specific estimation strategy, for each potential set of param-
eters, optimal Markov investment policies under the model are calculated. We
then simulate ten independent time-series from the model under the optimal
policies, each simulation having the same sample length as the data. Size
and book-to-market decile portfolio excess return means are calculated and
compared to those observed in the real data. Given our choice of an identity
weighting matrix, the criterion being minimized is the sum of squared dif-
ferences between the actual and simulated expected excess returns from the

size and book-to-market portfolios.
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B. Results

Figure 3 shows that the model generates portfolios with mean excess
returns similar to those in the data. The model captures considerable differ-
ences between the unconditional returns of the extreme portfolios, with the
return on the smallest size portfolio being 0.8% per month above the largest
size portfolio. A similar fact is true for the spread between the high and low
book-to-market portfolios. Consistent with the data, there is a monotonic
relationship between expected return and size, and between expected return
and book-to-market. The model even appears to mimic nonlinearities in these
relationships. Overall, the model approximates all 20 portfolio mean returns
well using just seven parameters. To confirm this, we report the value of the
GMM chi-squared statistic. This is 13.48, and the statistic is asymptotically
distributed with 20 — 7 = 13 degrees of freedom. The value of the statistic is
approximately at the median of the asymptotic distribution, and our model
thus cannot be rejected using the first moments of size and book-to-market

portfolio returns.
[Figure 3 about here.]

The parameter estimates and their standard errors, reported in Table
I1, provide interesting insights. The operating cost parameter f is positive
and significant, and we therefore conclude that operating leverage is impor-
tant. We also conclude that a large purchase price of capital A’ and demand
volatility o2 are essential. Returns are made less sensitive to demand shocks,
in part by the firm’s ability to adjust instantaneous output. We speculate

that high demand volatility is also required to “mix” firms over time, lead-
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ing to interesting aggregate dynamics for the portfolios. Adjustment costs
A® are large, indicating that firms make infrequent lumpy investments. The
stochastic depreciation rate A is relatively high. Finally, v is large, perhaps
not surprising, since our model has no features designed to deal with the

equity premium puzzle.
[Table IT about here.]

Standard errors for the parameters provide a concrete metric by which
to gauge the relative importance of the various parameters in explaining the
return moments. All of f, \’, A, v, and o2 are significant. On the other hand,
the slope of inverse demand b is not well identified. Interestingly, adjustment
costs A* do not appear to be well-identified. This indicates that lumpy in-
vestment, resulting from high adjustment costs, is not critical for generating
size and book-to-market effects.

The economic significance of the parameters can be assessed relative to
the demand shock distribution. We compare operating and capital costs to
prices and revenues at the 50th, 75th, and 90th percentile demand levels. At
the median demand level, a firm at the static optimal output level (K = 5)
has negative operating profits. At the 75t and goth percentile demand levels,
static optimum capital levels are about 12 and 22, fixed operating costs are
47% and 28% of revenue, and the cost of one unit of capital is recovered after
approximately 30 and 12 months of operation. Regardless of the demand
level, adjustment costs are roughly equal to the cost of a unit of capital.
Because fixed operating and capital costs are large at all but the highest
demand levels, proper management of growth options is essential to maximize

firm value.
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C. Comparative Statics

Figure 4 illustrates comparative static results at the optimal parameter
estimates. Panel A demonstrates the effect of changes in fixed costs, f. The
dashed line illustrates the fit of the model when fixed costs are set at 50% of
the value in Table II. The solid line illustrates the fit of the model when these
costs are set at zero. Panel B demonstrates the effect of changes in adjustment
costs, A®. The dashed line illustrates the fit of the model when adjustment
costs are set at 50% of the value in Table II. The solid line illustrates the fit

of the model when these costs are set at (nearly) zero.'?

[Figure 4 about here.]

Consistent with the standard errors in Table II, expected excess returns
are sensitive to fixed operating costs but not to fixed adjustment costs. Panel
A shows that when f = 0, expected excess returns are essentially constant,
whereas in Panel B, wide variation in A\* has little effect on expected returns.
To understand this result, recall that with lower adjustment costs, target
capital levels are closer to the adjustment boundaries (see Figure 2). It seems
reasonable that size and book-to-market effects would derive from regions
of inactivity where capital levels are not adjusted. Such regions can exist
either because of fixed adjustment costs or irreversibilities. Thus, although
lumpy investment may be required to explain other moments in the data
(e.g., Cooper (2003)), it is not critical here. This result is consistent with
findings in Zhang (2003) and Xing (2003), who generate size and book-to-
market effects without fixed adjustment costs. Our results indicate that, in

addition, operating leverage is critical for explaining the magnitude of the
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return characteristics.

D. Analysis of Higher Moments

Our model of firm behavior was designed to explain mean size and book-
to-market excess returns, so these were an obvious choice to use in obtaining
the simulated method of moments estimates reported in Table II. Other mo-
ments of returns might also be of interest, in particular variances and covari-
ances. This subsection investigates these higher moments, further verifying
the intuition driving our results and providing other dimensions along which
to evaluate the model.

Section I showed how size and book-to-market effects could result from
leverage associated with: (1) fixed operating costs that are tied to installed
capital, or (2) growth options. Small firms or firms with high book-to-market
have high expected returns because of implicitly high leverage. The model
should therefore also imply high return volatilities and market index loadings
for these firms.

To understand this intuition, note that our pricing kernel permits no
time-series predictability. Thus, even though firm betas are time-varying, size
and book-to-market factors cannot arise. Portfolios with high unconditional
mean returns simply have high unconditional betas and variances. It would
be very interesting, but beyond the scope of this paper, to endogenize the
pricing kernel of our model and investigate whether size and book-to-market
factors can result.

Table III reports size and book-to-market portfolio standard deviations

and betas, both from the data and from the simulations. The standard de-
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viations of small-cap portfolios are high relative to large-cap portfolios in
both the actual and simulated data (top and bottom panels, respectively).
In the simulated data, however, the absolute level of the standard deviations
is much higher than in the data. As noted previously, high variance in the
demand state variable is required to generate expected returns that match
the data. It is not surprising that this high variance is passed on to the port-
folio returns.?’ Unconditional betas are also higher for the small portfolios
than for the large portfolios. In this case, the magnitudes of the simulated

and actual betas are very close.?!
[Table III about here.]

For book-to-market sorted portfolios, the pattern of variances and covari-
ances observed in the data is U-shaped. The low portfolio has a very high
standard deviation (7.59% per month) and beta (1.47). The standard devi-
ation and beta of the high portfolio is also substantial. This pattern is not
matched by the simulated returns, where we see a monotonic relationship
between the decile rank of the book-to-market portfolios and the standard
deviations and betas.

To summarize, when using the estimated parameters from Table II, the
model produces size portfolio betas that are consistent with those found in
the data. However, portfolio standard deviations are much too high. This re-
sult may be related to our pricing kernel, which like many stochastic discount
factors has difficulty addressing the equity premium puzzle. More difficult to
explain are the actual relationships between book-to-market portfolio stan-

dard deviations and betas. The U-shaped pattern in these higher moments is
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not captured by our current specification. It is interesting to speculate what
other sources of return variation might be useful to help reproduce these

features of the data.

V1. Conclusion

We develop two models of the relation between expected returns and en-
dogenous corporate investment decisions. We obtain a new economic expla-
nation for the book-to-market effect as driven by operating leverage. When
demand for a firm’s product decreases, equity value falls relative to book
value, which is equal to the size of the capital stock. With fixed operating
costs that increase in the size of the capital stock, risk rises due to higher
operating leverage. The models also highlight the importance of limits to
proportional growth in generating a size effect.

Our first model supposes a firm facing stochastic iso-elastic demand driven
by a lognormal diffusion. Firms have finite opportunities to irreversibly ex-
pand their capital base, and must pay fixed operating costs that vary with
the level of accumulated capital. We derive closed-form expressions for ex-
pected returns, and show that the firm beta is linear in the ratio of growth
opportunities to assets in place, as well as the ratio of fixed costs to total
firm value. We then show that book-to-market and size are sufficient statis-
tics for operating leverage and the ratio of growth opportunities to assets in
place. We are thus able to relate size and book-to-market effects to sensible
economic causes in a single-factor model with closed-form solutions.

The second model incorporates this basic intuition in a more realistic set-
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ting with stationary dynamics. Our goal is to obtain a structural model that
can be estimated using standard methods. We suppose that a cross-sectional
continuum of monopolistic firms have demand dynamics composed of one
common component, and that for each firm there is a unique idiosyncratic
component. The common and idiosyncratic components are modeled as in-
dependent but statistically identical stationary processes. We add realistic
features, including capital adjustment costs, costly reversibility of invest-
ment, limited liability and shutdown, and entry. We find an optimal Markov
strategy for each firm that is a function of the common and idiosyncratic de-
mand components and the existing capital level of the firm. We estimate the
model using the simulated method of moments. As moment conditions, we
choose the mean excess returns on decile size and book-to-market portfolios.
We find that the estimation method works well, and that the model accounts
both qualitatively and quantitatively for the size and book-to-market effects

observed in the data.
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Appendix

A. Proof of Proposition 1

For any lifestage i = 0, 1,2, denote VA (X;) = %?Xt—% for the value of as-
sets in place and V& (X;) = V; (X;)— V4 (X;) for growth options. When i = 1,
the firm can pay A to increase asset in place value from Vi (X;) to Vi (X).
Given exercise at o > X;, this option value is calculated as a perpetual bi-
nary option with payoff Vi (z3) — Vi (22) —\g. Let 75 (X)) denote the random
amount of time that passes until z5 is reached. Discounting the payoff under
the risk-neutral measure gives V\% (X,;) = [Vi* (z2) — Vi (22) — A9 Ee—rm(Xy),

We then observe?? that Be—"m(Xt) — <&> , Where v = \/(l — d)2 + %

9 2 o2

% — ’”0—_25 > 1, and the inequality follows from 6 > 0. To ensure that z, is

chosen optimally, the derivative of V,% (X;) with respect to x5 must be zero

at all values of X;. This gives the expression for x5 in Proposition 1, where

— fe—fitdor

€2 (v=1)r

. Substituting for x5 in the formula for V¢ yields adolescent
firm value. The value of the juvenile firm is determined using similar argu-

ments, where g, = %

B. Proof of Proposition 2

Applying It6’s lemma to the valuation equations from Proposition 1 yields
dV = [gX,Vx + 30°X}Vxx] dt + 0X,VxdB,. By inspection, an investment
in % units of S instantaneously replicates firm value. Multiplying by S/V
gives the proportion of the replicating portfolio invested in S as Vxé. Thus,
firm beta can be derived directly from the elasticities of the valuation equa-

tions V;(X;) with respect to X.
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C. State Variable Dynamics

Both X; and Z; take values in the set X = {z!,..., 2"}, which has elements
2! = —0.6 and 2" = 2.6 and 2! = 2 + Az for 1 < i < n, and where
Az = 0.2. The dynamics of the demand state variables X and Z are given
by transition matrices A* and A%, with elements af; = P (X;41 = 27 | X; = 2")

and af; = P(Z, 1 = 27| Z, = a*). For k € {x, 2}, let

.

s(op/Az)? i j=i+1
m if j =1

(op/Az)?  ifj=i—1

1
2

0 otherwise

\

The value p}* is 1 — 0 when 0 < i < n and adjusted at the boundaries
i = 0,n to 1 — 0%/2. The sparse nature of the transition matrix facilitates
computation.

We restrict the values of capital for active firms to K; € {k',...,k™} € R
and assume regular spacing on a logarithmic grid, i.e., In k! = In k* + A, for
1 <i < m. We choose Ak = 0.04 so that the capital grid is five times more
fine than the state variable grids. The maximum and minimum capital levels
are k™ = exp (z") /2b and k' = exp (x') /2b, which are the maximum and
minimum capital levels the monopolist would choose in a static production

decision.
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D. Recursive Updating

We show that v, is fully determined by 1; and X;. Define index func-
tions 7 (.) and j (.) such that any state s™ € S satisfies s™ = {z/(™) k(™) 1}
Conditioning on X;, when S, = s™, then K, ;; = k'™ + I (X, s™). Now
observe for any n that P (Z,4, = Zin) !Zt = zi(m)) = @fmyimy- We therefore

conclude for any s" € S,

Viy1 (s Z U (8™) A€ (X, s™) L f it =haom) 1 1(x,,5m) )

smeS

This guarantees that (X, ;) can be updated recursively.

E. The SMM Estimator

For any candidate parameter vector # we simulate J independent data
sets of size T'x N. Denote each simulated data matrix by Y; (6) = {y;+ (¢) }le,
(1 <j < J). Arrange the simulated data in a JN xT matrix Y (0) = [Y; (6) , ..., Y ()],
and define

We can define an objective function G [Y (0), X, W] = H'W H for any posi-
tive definite weighting matrix W. Maximizing G with respect to 6 provides

an estimator é\SMM (W) for the model.
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Table 1
Size and BM Portfolio Excess Returns

This table shows the average of returns in excess of the one-month t-bill return for ten

equal-weighted size and book-to-market portfolios, stated in percent per month.

Small/ Large/
Low 2 3 4 5 6 7 8 9 High
Size  0.994 0.646 0.665 0.640 0.693 0.596 0.630 0.590 0.534 0.442
BM 0.259 0.562 0.656 0.741 0.839 0.914 1.035 1.047 1.205 1.381

Table I1
SMM Estimates of Model Parameters

This table reports simulated method of moment parameter estimates, and
in parentheses, asymptotic standard errors for our structural model of ex-
pected returns. The moment conditions used are the expected returns on
decile size-sorted and book-to-market sorted portfolios.

b I e N0 A 5 o2
0.253 1547 62.833 51.543 0.022 0465  0.018
(0.286) (0.106) (80.778) (3.535) (0.007) (0.120) (0.00064)
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Table 111
Higher Moments of Size and BM Excess Returns

This table shows standard deviation (“s.d.”) and beta of excess returns for ten equal-
weighted size and book-to-market portfolios. Standard deviations are stated in percent per
month. Betas are calculated relative to an equal-weighted market index using monthly data.
In order to account for microstructure effects, betas reported in the top panel are the sum
of coefficients in a regression that also includes one lead and lag of the excess index return.
This correction is not applied to the simulated returns.

Small/ Large/
Low 2 3 4 ) 6 7 8 9 High

Empirical Moments
Size s.d.  6.75 6.39 6.18 6.01 578 553 531 519 4381 4.58
I} 1.38 1.32 125 124 116 1.11 1.03 096 0.86 0.71

BM sd. 7.59 6.39 6.05 576 545 531 518 525 554 6.30
I} 1.47 1.29 125 122 112 110 1.08 1.08 1.13 1.25

Simulated Moments
Size s.d. 30.98 22.88 19.73 1791 16.91 15.63 15.06 14.65 14.49 15.20
I} 1.68 1.24 1.07 098 092 085 0.82 0.80 0.80 0.83

BM sd. 1244 13.02 13.71 14.65 15.76 17.08 19.01 21.31 25.31 33.69
B 0.68 072 075 080 086 093 1.02 114 1.35 1.83
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Figure 1. Firm value, book-to-market and risk. This figure summarizes

the relationship between demand and value (Panel A), size and risk (Panel B), and book-

to-market and risk (Panel C). When the demand state variable X; is low, three types

coexist: Juveniles who have not invested (solid line), adolescents who have invested once

(dashed line), and mature firms who have invested twice (dashed-dotted line). When de-

mand reaches the critical level X; = x; for juvenile investment, value jumps discretely by
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the investment amount and valuation changes to that of an adolescent firm. Thus, in the
region between x; and x2, only two firm types exist. A similar change occurs when ado-
lescent firms invest at X; = x2 and become mature, so that when X; is high, only mature
firms exist. Panel B shows that firm size relates to firm beta. Each curve slopes down-
ward, and the firm drops discretely to a lower curve when progressing to a new lifestage.
Panel C shows that book-to-market is related to beta. The relationship is monotonic for
mature firms, and for reasonable portfolio weighting schemes, low BM portfolios will have
lower expected returns than high BM portfolios. Model parameters are: r = .05, ¢ = 0.2,
0=.03,v=05 Q=1 Q1 =5, Q2=10, fo =1, f1 =2, fo =3, A\y =100, A2 = 100,
Ky =100, K; = 200, and Ky = 300.
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Figure 2. Optimal investing policy. This figure shows the qualitative relation-
ship between the stochastic demand state variable and capital levels. The arrows illustrate

a path that a firm’s state variables could potentially follow.
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Size and BM Portfolio Returns
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Figure 3. Size and book-to-market portfolio returns. This figure shows
expected returns to twenty portfolios formed based on size and book-to-market. The
dashed and dashed-dotted lines summarize the returns in the data, based on the aver-
age monthly return from 1963:07 to 2001:12. The solid lines represent the average returns
from the model-based portfolios, using 10 simulations of length 300 months. Parameter
values are those that minimized the criterion function: b = 0.253, f = 1.547, A* = 62.833,
A0 =51.543, A = 0.022, v = 0.465, and o2 = 0.018.
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Figure 4. Comparative static analysis. Panel A replicates the analysis re-
ported in Figure 3 but with the fixed costs, f, exogenously set at 50% (dashed line) and
0% (solid line) of the estimated value reported in Table II. Panel B also replicates the
analysis reported in Figure 3 but with adjustment costs, A%, set at 50% (dashed line)
and (nearly) 0% (solid line) of the estimated value reported in Table II. All other model
parameters are set to their estimated values reported in Table II.
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Notes

'This approach was pioneered by McDonald and Siegel (1985, 1986) and
Brennan and Schwartz (1985), and has been extended in many directions.

See Dixit and Pindyck (1994) for a detailed analysis of the literature.

*Hansen and Richard (1987) make this point theoretically. To address the
issue, typical applications use empirically or theoretically motivated instru-
ments as conditioning variables. Two examples are Jagannathan and Wang

(1996) and Ferson and Harvey (1999).

3Fama and French (1992) provide summary evidence on the ability of size
and book-to-market to explain returns. There is some debate as to whether
this is due to factor risks (Fama and French, 1993) or priced characteristics

(Daniel and Titman (1997)).

“Further work in this area includes Gomes, Kogan, and Zhang (2003),
Zhang (2003), and Cooper (2003).

"Evans (1987) and Hall (1987) give evidence that firm growth rates decline

with size.

SRelated work explores how models of the firm can explain other anoma-
lies. For example, Clementi (2003) addresses the operating underperformance
of TPO firms, Gomes and Livdan (2002) develop a model of optimal diver-
sification and the diversification discount, and Johnson (2002) provides a

rational explanation of momentum.
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"We deliberately make minimal assumptions about the form of fixed costs
and adjustment costs in this section. Our results therefore accommodate
numerous special cases. For example, in Sections II to V, we assume that
fixed costs are proportional to capital, i.e., f; = fK; for a positive constant
f. Indexing each component of the model by the capital level at first appears
cumbersome, but in the valuation equations we derive, this notation turns

out to be natural and appealing.
8Substitute § = u — g to recognize the Gordon growth formula.

9 A more precise statement of a necessary condition to obtain separate size
effects in our framework is that proportional growth becomes more difficult
as firms become larger. We implement this by placing a strict upper bound

on size for simplicity.

OWhen the revenue beta is not one, it multiplies the entire right-hand side

of equation (4).
""This intuition relates to arguments in Berk (1995).

I2BGN focus on a model with two sources of aggregate risk, so conditional
beta does not make size and book-to-market redundant. In their special case
with constant riskless rates, however, conditional beta is a sufficient statistic

for risk and the above discussion applies.

13When step size and lattice increments go to zero at appropriate rates,
sequences of these processes weakly converge to a Brownian motion with

reflecting barriers.
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We also implemented a specification that combined AR(1) dynamics with

reflecting barriers, and found the autoregressive parameter to be insignificant.

Level effects in the state variable are used in Zhang (2003) to generate
predictable variation in risk premia. This allows further study of the relation

between business cycles and the value premium.

For example, the shutdown region in Figure 2 could reflect a selling price
of capital of zero. If A* > 0, then when capital is such that A*K > \?, the
firm will sell assets rather than shutdown. This can result in a non-monotonic

shutdown boundary.
1"The Appendix describes the lattice for these state variables.
18This data was downloaded from the web site of Kenneth French.

YFor technical reasons, the numerical model requires strictly positive ad-

justment cost parameters. Fixed costs, however, may be set to exactly zero.

2Variance of demand is higher than variance of the returns, because the
production quantity decisions of firms dampen the sensitivity of cash flows

to demand shocks.

21Betas are calculated by regressing excess monthly portfolio returns on
the excess monthly index return. In both the data and in the simulations,
the equal-weighted market index was used. (Similar results hold in the data
with the value-weighted index, and the equal-weighted index was chosen to
match the portfolio returns generated in the simulations.) To account for

the possibility of microstructure effects in the data, one lead and lag were
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added to the index-model regressions and the reported beta is the sum of the

coefficients on all three index regressands.

22See for example, Karlin and Taylor (1975), Section 7.5. For an alternative
valuation approach through the Bellman equation, see McDonald and Siegel

(1986) or Dixit and Pindyck (1994), Section 5.2.
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